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The quantum nature of the state of a bosonic quantum field may manifest itself in its entanglement,
coherence, or optical nonclassicality. Each of these distinct properties is known to be a resource
for quantum computing or metrology, and can be evaluated via a variety of measures, witnesses,
or monotones. Here, we provide quantitative and computable bounds relating, in particular, some
entanglement measures with optical nonclassicality measures. Overall, these bounds capture the fact
that strongly entangled states must necessarily be strongly optically nonclassical. As an application,
we infer strong bounds on the entanglement that can be produced with an optically nonclassical
state impinging on a beam splitter. Then, focusing on Gaussian states, we analyze the link between
the logarithmic negativity and a specific nonclassicality measure called quadrature coherence scale.
I. INTRODUCTION
There are several ways to question the specifically
quantum mechanical character of the state of a physi-
cal system. First, one may ask how strongly coherent it
is. The existence of coherent superpositions of quantum
states is at the origin of interference phenomena in mat-
ter waves and, as such, is a typically quantum feature
for which several measures and witnesses have been pro-
posed (for a recent review, see [1]). Second, when the
system under investigation is bi-partite or multi-partite,
the entanglement of its components is another intrinsi-
cally quantum feature. There exists an extensive litera-
ture exploring a wide variety of measures to quantify the
amount of entanglement contained in a given state [2–
14]. Finally, for modes of a bosonic quantum field, a
third notion of nonclassicality arises, which is often ref-
ered to as optical nonclassicality. Following Glauber, the
coherent states of an optical field (as well as their mix-
tures) are viewed as “classical” as they admit a positive
Glauber-Sudarshan P-function [15]. From there, a vari-
ety of measures of optical nonclassicality have been devel-
oped over the years, measuring the departure from such
optical classical states [15–41].
Each of these three distinct, typically quantum prop-
erties of the state of an optical field have been argued
to serve as a resource in quantum information or metrol-
ogy [38, 39, 42–44]. The question then naturally arises
what the quantitative relations are between these proper-
ties. In [45], for example, bounds are given on how much
entanglement can be produced from states with a given
amount of coherence using incoherent operations: this
links coherence with entanglement. In [46], the coher-
ence and optical nonclassicality of a state are shown to
be related to each other: a large value of far off-diagonal
density matrix elements ρ(x, x′) or ρ(p, p′), called “co-
herences”, is a witness of the optical nonclassicality of
the state. Our purpose here is to establish a relation be-
tween optical nonclassicality and bi-partite entanglement
for multi-mode bosonic fields.
One expects on intuitive grounds that a strongly entan-
gled state should be strongly optically nonclassical since
all optical classical states are separable. Conversely, a
state that is only weakly optically nonclassical cannot
possibly be highly entangled. To make these statements
precise and quantitative, we need both a measure of en-
tanglement and one of optical nonclassicality. As a nat-
ural measure to evaluate bi-partite entanglement, we use
the entanglement of formation (EF ) [4]. Regarding op-
tical nonclassicality, we use a recently introduced mono-
tone [38, 39], which we refer to as the monotone of to-
tal noise (MTN). It is obtained by extending to mixed
states [through a convex roof construction, see (1)] the
so-called total noise ∆x2 + ∆p2 defined on pure states,
for which it is a well established measure of optical non-
classicality [38–41]. Our first main result (Theorems 1
& 1’) consists in an upper bound on EF (ρ) as a func-
tion of MTN(ρ) for an arbitrary state ρ of a bi-partite
system of n = nA + nB modes. In particular, when
nA = nB = n/2, this bound implies that states contain-
ing m ebits of entanglement must have an optical non-
classicality – measured via MTN – that grows exponen-
tially with m. As an application, we show that the max-
imum entanglement that can be produced when a sepa-
rable pure state impinges on a balanced beam splitter is
bounded by the logarithm of the optical nonclassicality
of this in-state, measured byMTN. In other words, while
it is well known that beam splitters can produce entan-
glement [28, 47, 48], the amount of entanglement so pro-
duced is shown to be severely constrained by the degree
of optical nonclassicality of the in-state. More precisely,
the amount of nonclassicality needed in the in-state grows
exponentially with the number of e-bits of entanglement
required at the output. Since it was shown in [46] that
strongly optically nonclassical states are extremely sen-
sitive to environmental decoherence which destroys their
nonclassicality on a very short timescale, these results
imply it is very difficult to produce strongly entangled
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2states with a beam splitter in the above manner.
The bounds in Theorems 1 & 1’ can readily be com-
puted for pure states since EF then coincides with the
von Neumann entropy of the reduced state and MTN
coincides with the total noise. For mixed states, how-
ever, the bounds relate two quantities that are gener-
ally hard to evaluate. Our second main result (Theo-
rem 2) addresses this issue by considering the special
case of (mixed) Gaussian states. It establishes bounds
between explicitly computable measures of entanglement
(the logarithmic negativity – EN ) and optical nonclassi-
cality (the quadrature coherence scale – C) for Gaussian
states. We also derive an explicit simple formula for the
quadrature coherence scale of Gaussian states in terms
of their covariance matrix [see Eq. (16)]. We show that
it actually coincides with its Total Quantum Fisher In-
formation (Ftot), a quantity of importance in metrology
which has been shown to provide a nonclassicality mono-
tone [38, 39], albeit not a faithful one.
II. BOUNDING EF BY OPTICAL
NONCLASSICALITY.
We consider an n-mode optical field with annihilation
mode operators ai = (Xi + iPi)/
√
2 and corresponding
quadratures Xi, Pi. We set R = (X1, P1, . . . , Xn, Pn).
The total noise of a pure state |ψ〉 is defined as Ntot(ψ) =∑
j ∆R
2
j where ∆R
2
j denotes the variance of Rj [49]. For
a general state ρ, the convex roof MTN of Ntot is
MTN(ρ) = 1
n
inf
{pi,ψi}
∑
i
piNtot(ψi) ≥ 1, (1)
where the infimum is over all ensembles {pi, ψi} for which
ρ =
∑
i pi|ψi〉〈ψi|,
∑
i pi = 1. It is shown in [38, 39]
that MTN belongs to a family of optical nonclassicality
monotones and is, as such, a faithful witness of optical
nonclassicality: MTN(ρ) > 1 iff ρ is nonclassical.
Now consider a bi-partition of the n modes in two sets
of nA and nB modes, with n = nA + nB . We write ρA
(respectively ρB) for the reduction of the state ρ to the
nA (nB) modes. If ρ = |ψ〉〈ψ|, its entanglement of forma-
tion is defined as EF (ψ) = −Tr ρA ln ρA = −Tr ρB ln ρB .
Then, for a general ρ, taking the infimum as above [4],
EF (ρ) = inf{pi,ψi}
∑
i
pi EF (ψi).
We first consider the symmetric case nA = nB = n/2:
Theorem 1
Let ρ be a bipartite state with nA = nB = n/2, then
EF (ρ) ≤ n
2
g
(
1
2
(MTN(ρ)− 1)
)
, (2)
where g(x) = (x+ 1) ln(x+ 1)− x lnx.
Proof. We first consider pure states ρ = |ψ〉〈ψ|. Since
both sides of (2) are invariant under phase space trans-
lations, we may assume that 〈ψ|Rj |ψ〉 = 0, ∀j. In
that case, MTN(ψ) = (2〈ψ|Nˆ |ψ〉 + n)/n = 2N/n + 1,
where N = 〈ψ|Nˆ |ψ〉 is the expectation value of the to-
tal photon number operator Nˆ =
∑
j a
†
jaj in the cen-
tered state |ψ〉. Similarly, defining NˆA =
∑nA
j=1 a
†
jaj
and NˆB =
∑n
j=nA+1
a†jaj , one has NA = Tr NˆAρA,
NB = Tr NˆBρB , and N = NA +NB . Then
EF (ψ) = −Tr ρA ln ρA = −Tr ρB ln ρB
≤ min
{
nA g
(
NA
nA
)
, nB g
(
NB
nB
)}
,
where nA g(NA/nA) is the von Neumann entropy of the
product of nA single-mode thermal states with mean pho-
ton number NA/nA per mode, which maximizes the von
Neumann entropy at fixed mean photon number NA [50].
Maximizing over all states |ψ〉 with a fixed mean photon
number N then yields
EF (ψ) ≤ max
0≤NA≤N
min
{
nA g
(
NA
nA
)
, nB g
(
N −NA
nB
)}
.
Since g is an increasing function, the maximum is, for
each N , reached at a unique value N∗A that depends on
N and is the solution of
nA g
(
N∗A
nA
)
= nB g
(
N −N∗A
nB
)
. (3)
Hence
EF (ψ) ≤ nA g(N∗A/nA) := F (N). (4)
When nA = nB , then N
∗
A = N
∗
B = N/2, so that
EF (ψ) ≤ n
2
g
(
N
n
)
=
n
2
g
(
1
2
(MTN(ψ)− 1)
)
. (5)
This implies Eq. (2) for any pure state ρ = |ψ〉〈ψ|. Now
let ρ be an arbitrary state and consider any set of nor-
malized |ψi〉 and 0 ≤ pi ≤ 1 such that
∑
i pi|ψi〉〈ψi| = ρ.
Then Eq. (5) and the concavity of g imply that∑
i
pi EF (ψi) ≤ n
2
∑
i
pi g
(
1
2
(MTN(ψi)− 1)
)
≤ n
2
g
(
1
2
(∑
i
piMTN(ψi)− 1
))
.
Since g(x) is monotonically increasing, taking the infi-
mum over {pi, ψi} on both sides implies Eq. (2).
One readily sees that, among all states |ψ〉 with a given
N , the upper bound EF (ψ) = n2 g
(
N
n
)
is reached for an
n/2-fold tensor product of two-mode squeezed vacuum
states with N/n photons per mode, which is a Gaussian
pure state. This is not the unique optimal pure state.
3We identify all such states in Appendix A and show they
are not all Gaussian.
Since g(x) is an increasing function, the bound (2)
straightforwardly implies that states with a large entan-
glement of formations are necessarily strongly nonclassi-
cal:
Corollary 1
EF (ρ) ≥ 3
2
n
2
⇒ MTN(ρ) ≥ 1 + 2 e 2nEF (ρ)−2. (6)
Proof. Suppose EF (ρ) ≥ 32 n2 . Using Eq. (2), it implies
that g
(
1
2 (MTN(ρ)− 1)
) ≥ 32 . Noting that g(x) ≤ x+ 12
for all x, one can conclude that 12 (MTN(ρ)−1) ≥ 1. Now,
one also has g(x) ≤ lnx+ 1 + 1x for all x > 0, and hence
g(x) ≤ lnx+2 for all x ≥ 1. Hence g ( 12 (MTN(ρ)− 1)) ≤
ln
(
1
2 (MTN(ρ)− 1)
)
+2. Using again Eq. (2) implies that
EF (ρ) ≤ n2
(
ln
(
1
2 (MTN(ρ)− 1)
)
+ 2
)
, from which one
concludes MTN(ρ) ≥ 1 + 2e 2nEF (ρ)−2, which is Eq. (6).
In other words, if we view both entanglement and op-
tical nonclassicality as resources, this inequality shows
that the amount of optical nonclassicality of a state ρ, as
measured by MTN(ρ), grows exponentially fast with its
entanglement of formation, measured in number of ebits.
Conversely, the bound (2) shows that states with a low
optical nonclassicality are necessarily weakly entangled.
When nA ≤ nB , Theorem 1 can be generalized as fol-
lows
Theorem 1’
Let ρ be a bipartite state with nA ≤ nB, then
EF (ρ) ≤ nAg
(
1
nA
N∗A
(n
2
(MTN(ρ)− 1)
))
, (7)
where N∗A(N) is the unique solution of Eq. (3).
Proof. We first need to show that the function
F (N) := nA g
(
N∗A
nA
)
is concave, whereN∗A is a function ofN , implicitly defined
as the solution of (3), nA g
(
N∗A
nA
)
= nB g
(
N∗B
nB
)
, where
we defined N∗B = N − N∗A. Taking the derivative with
respect to N in both sides of the last two equalities, one
finds
g′
(
N∗A
nA
)
dN∗A
dN
= g′
(
N∗B
nB
)
dN∗B
dN
,
dN∗A
dN
+
dN∗B
dN
= 1.
Since g′ > 0, it follows from these two equations that
both
dN∗A
dN and
dN∗B
dN are positive, so that both N
∗
A and
N∗B are increasing functions of N . One readily finds that
dN∗A
dN
=
g′
(
N∗B
nB
)
g′
(
N∗A
nA
)
+ g′
(
N∗B
nB
) ,
dN∗B
dN
=
g′
(
N∗A
nA
)
g′
(
N∗A
nA
)
+ g′
(
N∗B
nB
)
and consequently that
F ′(N) =
g′
(
N∗A
nA
)
g′
(
N∗B
nB
)
g′
(
N∗A
nA
)
+ g′
(
N∗B
nB
) = 1
g′
(
N∗A
nA
)−1
+ g′
(
N∗B
nB
)−1 .
Now, since g is concave, it follows that g′ is a decreasing
function of its argument. Since N∗A is an increasing func-
tion of N , it then follows that g′
(
N∗A
nA
)
is a decreasing
function of N , and similarly for g′
(
N∗B
nB
)
. Hence, F ′ is a
decreasing function of N , implying that F is concave.
We now use this fact to conclude the proof of Theo-
rem 1’. We initially follow the same lines as in the proof
of Theorem 1. For a centered pure state ψ, Eq. (4) reads
EF (ψ) ≤ F (N) = F
(
n
2 (MTN(ψ)− 1)
)
. Since both EF
and MTN are invariant under phase space translations,
one then has, for all ψ, EF (ψ) ≤ F
(
n
2 (MTN(ψ)− 1)
)
.
The concavity of the funtion F further implies that∑
i
pi EF (ψi) ≤
∑
i
pi F
(n
2
(MTN(ψi)− 1)
)
≤ F
(∑
i
pi
n
2
(MTN(ψi)− 1)
)
.
Taking the infimum on both sides and using the fact that
F is a monotonically increasing function of its argument,
one finds EF (ρ) ≤ F
(
n
2 (MTN(ρ)− 1)
)
. Recalling the
definition of F , one sees this is Eq. (7).
An analytic expression forN∗A(N) is not available when
nA 6= nB , so that (7) is less explicit than (2). Neverthe-
less, for large N , one readily finds the following approxi-
mate expression for N∗A (see Appendix B):
N∗A(N) ' (1− δ)N, with δ =
(eν)µ−1
µ(1 + (eν)µ−1)
, (8)
where µ = nA/nB and ν = N/nA. Consequently, using
g(x) ' ln(x)+1 for large x, one finds approximately that
EF (ρ) ≤ nA ln
(
(1− δ)
nA
n
2
(MTN(ρ)− 1)
)
+ nA, (9)
which is valid for largeMTN(ρ) and shows a similar log-
arithmic upper bound on EF in terms of MTN as above.
This large-N approximation is illustrated in the left panel
of Fig. 1.
4For Gaussian pure states, a simpler and more explicit
upper bound can be obtained, which is valid for all values
of N :
Proposition 1
Let nA ≤ nB and let ψG be a pure Gaussian state. Then
EF (ψG) ≤ nAg
(
n
4nA
(MTN(ψG)− 1)) . (10)
Proof. Let us consider a pure Gaussian state |ψG〉 of an
n = nA + nB mode system with covariance matrix
Vij = 〈{Ri, Rj}〉 − 2〈Ri〉〈Rj〉, (11)
where 〈·〉 := 〈ψG|·|ψG〉 and {·, ·} denotes the anticommu-
tator. We assume without loss of generality that the state
is centered. Applying local Gaussian unitaries UGA , U
G
B ,
such a state can always be transformed into a state |ψν〉,
in which Alice and Bob share nA two-mode squeezed vac-
uum states, while Bob’s remaining nB − nA modes are
in the vacuum state [51]. Here ν = (ν1, ν2, . . . , νnA) and
the state |ψν〉 is characterized by its covariance matrix
Vν :
Vν =
(
VA,ν C
CT VB,ν
)
, VA,ν =
ν112 0. . .
0 νnA12

2nA×2nA
VB,ν =

ν112 0
. . . 0
0 νnA12
12 0
0
. . .
0 12

2nB×2nB
C =
µ1σz 0. . . 0
0 µnAσz

2nB×2nA
where νi = cosh 2ri, µi = sinh 2ri, 12 = ( 1 00 1 ) and
σz =
(
1 0
0 −1
)
. Since the local unitaries do not change the
entanglement of formation, we find EF (ψG) = EF (ψν) =∑nA
i=1 g
(
1
2 (νi − 1)
)
[51]. Since g is concave, one has
EF (ψG) ≤ nAg
(
1
2nA
nA∑
i=1
(νi − 1)
)
.
On the other hand,
Ntot(ψG) = 1
2
TrVψ =
1
2
(TrVA,ψ + TrVB,ψ)
≥ 1
2
(StrVA,ψ + StrVB,ψ) .
Here, StrVA,ψ is the symplectic trace of VA,ψ, which is
twice the sum of its symplectic eigenvalues; we then have
TrVA,ψ ≥ StrVA,ψ [52]. Since the local symplectic trans-
formations do not change the symplectic spectrum of the
reduced states ρA, ρB , we also have
StrVA,ψ + StrVB,ψ = StrVA,ν + StrVB,ν
= 4
nA∑
i=1
νi + 2(nB − nA).
Hence,
Ntot(ψG) ≥ 2
nA∑
i=1
νi+(nB−nA) = 2
nA∑
i=1
(νi−1)+nB+nA.
Since g is monotonically increasing, it follows that
EF (ψG) ≤ nAg
(
1
4nA
(Ntot(ψG)− nB − nA))
= nAg
(
n
4nA
(MTN(ψG)− 1)) .
This is the tightest possible bound on EF for Gaussian
pure states that only depends onMTN. Indeed, one read-
ily checks that it is saturated by nA two-mode squeezed
vacuum states with identical squeezing parameters (in-
volving all nA modes of A and the nA first modes of B),
with the remaining nB − nA modes of B in the vacuum
i.e. if |ψG〉 = |ψν〉, with ν1 = ν2 = · · · = νnA .
When nA = nB , the right-hand sides of (10) and (5)
coincide, as expected since the latter inequality is satu-
rated by the above Gaussian pure state. In contrast, as
shown in Fig. 1, when nA < nB (or µ < 1), the right-
hand side of (10) is slightly smaller than the one of (4).
It is then natural to wonder if there are non-Gaussian
pure states inside this gap. This is indeed the case, as we
show in Appendix C. This means that for a fixed MTN,
there exist non-Gaussian pure states with a higher entan-
glement of formation than any Gaussian pure state with
the same value of MTN, provided nA 6= nB .
Note finally that one cannot expect a lower bound on
the EF in terms of MTN since a product state has van-
ishing entanglement while it can have an arbitrarily large
MTN. The product of a strongly squeezed pure state
with the vacuum is an example of such a case.
III. ENTANGLEMENT GENERATION WITH A
BEAM SPLITTER.
It is well known that a balanced beam splitter
Bˆ = exp(pi4 (a
†
1a2 − a1a†2)) applied to a separable in-
state |ψin〉 produces an out-state |ψout〉 = Bˆ|ψin〉 that
can be entangled provided the in-state is optically non-
classical [28, 34, 47, 48]. In [28] this property is used to
quantify the amount of nonclassicality in a single-mode
state |ϕ〉 by the amount of entanglement obtained in the
out-state of a balanced beam splitter with as input state
|ψin〉 = |ϕ〉 ⊗ |0〉. Here we take a different approach. We
5-Upper bound
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FIG. 1. Left: behaviour of the right hand side of (4) as
a function of ν = N/nA, for different values of µ = nA/nB ,
as indicated. The dots are obtained from numerical solutions
of (3) (nA = 3). Full lines are computed using (8) for large
N . The green dashed line represents the Gaussian bound in
(10).
Right: EF (ψout) at the output of a beam splitter as a func-
tion of gin = g(
1
2
(MTN(ψin) − 1)) for various |ψin〉, as indi-
cated. |2s, 0〉|0〉 and |s∗, 0〉|s∗, pi2 〉 are squeezed states with the
sameMTN(ψin) = cosh(2s∗) (s = 14 cosh−1(2 cosh(2s∗)− 1)).
The Fock states |N〉|N〉 and |2N〉|0〉 also have the same
MTN(ψin) = 2N + 1.
treat entanglement and optical nonclassicality as inde-
pendently and a priori defined properties of the states,
and bound the amount of entanglement that can be ob-
tained in the out-state by the amount of nonclassicality
of a general separable in-state, as measured by itsMTN.
By applying Theorem 1, we are indeed able to determine
how efficiently a beam splitter can generate entanglement
in this manner. To see this, note that Eq. (5) implies an
upper bound on the entanglement of formation of |ψout〉
given the amount of optical nonclassicality available in
|ψin〉, as follows. Let, for any value of the available non-
classicality MTN,0 > 0,
S0 = {|ψin〉 = |ϕA, ϕB〉 | MTN(ψin) ≤MTN,0}.
Since Bˆ preserves the total noise (Ntot(ψout) =
Ntot(ψin)), Eq. (5) implies
EF (ψout) ≤ g
(
1
2
(MTN(ψin)− 1)
)
≤ g(1
2
(MTN,0 − 1)),
since g is a monotonically increasing function. To see
the bound is reached, let, for s ≥ 0, φ ∈ [0, 2pi[, S(s, φ) =
e
s
2 (e
−iφa2−eiφa†2) and define |ϕA〉 = |s0, 0〉 := S(s0, 0)|0〉
and |ϕB〉 = |s0, pi/2〉 := S(s0, pi2 )|0〉, with s0 chosen
so that MTN(ψin) = cosh(2s0) = MTN,0. In this
case, |ψout〉 = Bˆ|ψin〉 = |ψTMS〉, where |ψTMS〉 is the
two-mode squeezed vacuum state with MTN(ψTMS) =
MTN,0, which we saw saturates (5). There is a read-
ily identified family of states that saturate the bound
(see Appendix A), but typically states in S0 do not.
Several physically interesting examples are given in
Fig. 1; see Appendix D for details on the computa-
tions. When |ψin〉 = |N, 0〉, MTN(ψin) = N + 1 and
the entanglement of formation of the out-state satis-
fies EF (ψout)/g( 12 (MTN(ψin) − 1)) ' 12 for large N .
Hence, only one half of the possible maximal amount
of entanglement is produced in this manner for a given
amount of optical nonclassicality in the in-state. When
|ψin〉 = |N,N〉, on the other hand, MTN(ψin) = 2N + 1,
and, for large N , the entanglement of formation satis-
fies EF (ψout)/g( 12 (MTN(ψin) − 1)) ' 1, hence almost
the maximum possible amount of entanglement is pro-
duced. It is therefore less efficient to input a 2N photon
state on one mode and the vacuum on the other, rather
than N photons on each. A similar phenomenon occurs
with squeezed states at the input: |ψin〉 = |2s, 0〉|0〉 and
|ψin〉 = |s∗, 0〉|s∗, pi2 〉 with s = 14 cosh−1(2 cosh(2s∗) − 1)
have the same values of MTN = cosh(2s∗), but the out-
put EF is, for large N , twice as large in the second case.
Let us point out that, in terms of resource theory, the
beam splitter does not “convert” nonclassicality into en-
tanglement. Indeed, the total noise is conserved and none
of the optical nonclassicality resource is lost in the pro-
cess. Nevertheless, the above bounds imply that the in-
state must have a large amount of optical nonclassicality
for the entanglement production to be efficient in this
manner. Now note that it was shown in [46] that en-
vironmental coupling leads to nonclassicality loss on a
time scale inversely proportional to the MTN of a pure
state such as |ψin〉: this implies that strongly nonclassical
states |ψin〉 with a large MTN are hard to maintain, so
that the production of strongly entangled states with the
above procedure will be difficult to realize.
As mentioned above, Theorems 1 and 1’ involve con-
vex roofs, which are hard to exploit for mixed states.
This is true even for Gaussian states, for which the en-
tanglement of formation remains difficult to evaluate, de-
spite recent progress [53, 54]. This problem can, however,
be overcome by using alternative, computable measures
of entanglement and optical nonclassicality adapted to
Gaussian states.
IV. GAUSSIAN STATES: BOUNDING EN BY C.
Consider a Gaussian state ρG with covariance ma-
trix as defined in (11). We will evaluate its nonclas-
sicality using two recently introduced and readily com-
putable quantities: the total quantum Fisher information
(Ftot) (see (12)) and the quadrature coherence scale (C)
(see (14)). We recall that the set of optical classical states
Ccl [15] of a system of n modes contains all mixtures of
coherent states D(α)|0〉, where D(α) = exp(αa† − α∗a)
[α = (α1, α2, . . . , αn) ∈ Cn and a = (a1, a2, · · · , an)] is
the displacement operator and |0〉 is the n-mode vacuum.
For any state ρ and observable A, the quan-
tum Fisher information of ρ for A is F(ρ,A) =
4∂2xD
2
B(ρ, exp(−ixA)ρ exp(ixA))|x=0, where D2B(ρ, σ) =
2(1 − F (ρ, σ)) is the Bures distance and F (ρ, σ) =
Tr
√√
ρσ
√
ρ the fidelity between ρ and σ. It is known
that F(ρ,A) is convex in ρ and coincides with 4 ∆A2 on
pure states [55, 56]. The total quantum Fisher informa-
6tion of an n-mode state ρ is defined as
Ftot(ρ) = 1
4n
2n∑
j=1
F(ρ,Rj). (12)
It follows that Ftot(ψ) coincides with MTN(ψ) on pure
states, and, since it is convex, Ftot(ρ) ≤ MTN(ρ). It
is known that the total quantum Fisher information is a
nonclassicality witness, meaning that Ftot(ρ) > 1 implies
ρ is nonclassical [40]. It is however not a nonclassicality
measure since there exist nonclassical states for which
Ftot(ρ) ≤ 1. Contrary to MTN, however, it has the
considerable advantage that is can be relatively easily
computed on large classes of states. This is in particular
true for Gaussian states, where one has [38]
Ftot(ρG) = 1
2n
TrV −1. (13)
In [40, 46] the (squared) quadrature coherence scale is
defined as
C2(ρ) = 1
2nP
 2n∑
j=1
Tr[ρ,Rj ][Rj , ρ]
 , P = Tr ρ2. (14)
The quadrature coherence scale measures the spread of
the coherences of the quadratures of the state [46]. Like
the total quantum Fisher information, the quadrature
coherence scale is an optical nonclassicality witness: if
C2(ρ) > 1 then ρ is nonclassical [40]. But it is not a
nonclassicality measure. It can however serve to con-
struct such a measure, as shown in [40].
In general, Ftot and the C2 capture different proper-
ties of states and can in fact strongly differ on certain
states [40]. Nevertheless, they are both nonclassicality
witnesses, and coincide on pure states:
C2(ψ) = Ftot(ψ) =MTN(ψ) = 1
n
Ntot(ψ). (15)
In addition, as we now show, they coincide on all Gaus-
sian states as well, including mixed ones:
C2(ρG) = Ftot(ρG) = 1
2n
TrV −1. (16)
In view of Eq. (13), it only remains to prove the first
equality. We first note that, since both C(ρG) and
Ftot(ρG) are invariant under phase space translations,
we can assume that 〈Ri〉 = 0 for all i. The characteristic
function of ρG is
χG(ξ) = TrρGD(ξ) = exp{−1
2
ξTΩV ΩT ξ},
where Ω =
n⊕
k=1
(
0 1
−1 0
)
,
and ξ = (ξ11, ξ12, · · · , ξn1, ξn2). It was shown in [40, 57]
that the right hand side of (14) can be written in terms
of the characteristic function χ(ξ) of the state as follows:
C2(ρ) = ‖|ξ|χ‖
2
2
n‖χ‖22
. (17)
Here ‖ · ‖2 designates the L2-norm, (for example ‖χ‖22 :=∫ |χ|2(ξ)d2ξ). From (17), one finds with a direct compu-
tation
C2(ρG) = 1
n
∫ (|ξ1|2 + · · ·+ |ξn|2) f(ξ)d2ξ
=
1
n
TrΣ =
1
2n
TrV −1
where f(ξ) is a Gaussian probability density with 0 mean
value and covariance matrix Σ = 12ΩV
−1ΩT .
We will now connect the optical nonclassicality of
Gaussian states (measured with Ftot, or equivalently C2)
to their entanglement, measured with the logarithmic
negativity EN [8]. Let TB stand for partial transposi-
tion in Fock basis applied to the nB modes only, so that
ρ˜ = TB [ρ] denotes the partial transpose of an arbitrary
state ρ. It is known that if ρ˜ is not positive semidef-
inite, then ρ is entangled [3]. For a bi-partite system
of nA + nB = n modes, the logarithmic negativity of
ρ is then defined as EN (ρ) = ln(Tr
√
ρ˜2). Note that
EN (ρ) > 0 implies that ρ is entangled. For pure states,
but not in general, one has EF (|ψ〉〈ψ|) ≤ EN (|ψ〉〈ψ|) [8].
The partial transpose ρ˜G of a Gaussian state is again a
Gaussian operator, with covariance matrix V˜ = TBV TB ,
where TB = I2nA
⊕nB
k=1
(
1 0
0 −1
)
. The logarithmic nega-
tivity of an arbitrary Gaussian state can be expressed in
terms of the symplectic spectrum ν˜−,1 ≤ · · · ≤ ν˜−,n− <
1 ≤ ν˜+,1 ≤ · · · ≤ ν˜+,n+ (n−+n+ = n) of V˜ , as follows [8]:
if n− = 0, then EN (ρG) = 0, otherwise if n− ≥ 1,
EN (ρG) =
n−∑
i=1
ln
1
ν˜−,i
.
This equation together with Eq. (16) allow us to derive
a main bound for arbitrary Gaussian states:
Theorem 2
Let ρG be a bipartite Gaussian state, then
EN (ρG) ≤ n−
(
ln C2(ρG) + ln n
n−
)
. (18)
Proof. We note that V˜ −1 = TBV −1TB so that C2(ρG) =
1
2nTrV˜
−1. Therefore,
C2(ρG) ≥ 1
2n
StrV˜ −1 =
1
n
(
n−∑
i=1
1
ν˜−,i
+
n+∑
i=1
1
ν˜+,i
)
≥ 1
n
n−∑
i=1
1
ν˜−,i
since TrA ≥ StrA [52] and since ν˜+,i ≥ 0, ∀i. Using the
concavity of the logarithm, it implies (18).
7In the special case nA = nB = 1, a better bound can
be obtained when EN (ρG) > 0 using the knowledge of
detV = det V˜ = ν˜2−ν˜
2
+:
C2(ρG) ≥ 1
2
(
1
ν˜−
+
1
ν˜+
)
=
1
2
(
1
ν˜−
+
ν˜−√
detV
)
with ν˜− = e−EN (ρG). This inequality is saturated when
the trace and symplectic trace of V˜ −1 coincide.
Theorem 2 shows that a large entanglement implies a
large optical nonclassicality, but, in contrast with The-
orem 1, both sides of the inequality are readily com-
putable. It is instructive to rework (18) and eliminate
n− from it:
Corollary 2
Let ρG be a Gaussian state. Then
EN (ρG) > n
e
⇒ ln C2(ρG) ≥ 1
n
EN (ρG)− 1
e
, (19)
C2(ρG) < e−ne ⇒ EN (ρG) = 0. (20)
Proof. First note that n− ln(n/n−) ≤ n/e, so that (18)
implies n− ln C2(ρG) ≥ EN (ρG)− ne . Hence, if EN (ρG)−
n
e > 0, then n− ≥ 1 and C2(ρG) > 1. Equation (19))
then follows.
To prove (20), note that (18) implies that
n− ln
1
C2(ρG) ≤ −EN (ρG)− n
n−
n
ln
n−
n
≤ n
e
.
Hence C2(ρG) ≥ e−
n
en− . Therefore, if C2(ρG) ≤ e−ne then
n− < 1 which implies (20).
Estimate (19) provides a precise quantitative mean-
ing to the statement that a strongly entangled Gaussian
state has a large C2(ρG) and is therefore far from optical
classicality. One observes here, as in (6), an exponential
growth of the optical nonclassicality with the entangle-
ment of ρG. Estimate (20) shows that a Gaussian state
with small C2(ρG) (well below the nonclassicality thresh-
old 1) cannot be entangled.
V. CONCLUSIONS.
We have established inequalities relating, for arbitrary
states of a multi-mode optical field, several standard mea-
sures of entanglement and of optical nonclassicality. In
a nutshell, the optical nonclassicality of a strongly en-
tangled state is necessarily large and, in fact, grows ex-
ponentially with its entanglement. As an application,
we have bounded the amount of entanglement of forma-
tion that can be produced by sending a separable pure
state through a beam splitter. Our bound implies that
the nonclassicality of the in-state needs to be exponen-
tially large as a function of the expected entanglement
of formation of the out-state. Since nonclassicality is a
resource that is hard to generate and preserve due to en-
vironmental decoherence, as shown in [46], our results
can be interpreted to say that, inasfar as the states of
a multi-mode bosonic quantum field are concerned, the
fragility of their entanglement is a consequence of their
large nonclassicality. In addition, we have shown that en-
tanglement is more efficiently produced in a beam splitter
when the nonclassicality is distributed equally among the
two input modes.
Measuring entanglement or nonclassicality is, in gen-
eral, a difficult task, but, by restricting to Gaussian states
(including mixed ones), we also have established bounds
between explicitly computable measures. In the process,
we have derived an explicit and simple formula for the
quadrature coherence scale of a Gaussian state which
only depends on the covariance matrix.
Finally, let us mention that there is interest in compar-
ing the nonclassicality and entanglement of multimode
(non-Gaussian) states, for example of the photon added
and subtracted states [58, 59]. The tools developed in
this paper can serve this purpose.
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Appendix A: States saturating the bound (5)
We identify here all pure states |ψ〉 of n modes that
saturate (5) with nA = nB =
n
2 ; n is even. Let us write
|ψ〉 =
∑
k,l
ck,l|k, l〉,
∑
k,l
|ck,l|2 = 1, (A1)
with k = (k1, . . . , knA), l = (l1, . . . , lnA) ∈ NnA . The
reduced states on the first (or last) nA modes are
ρA =
∑
k,k′
(
CC†
)
k,k′ |k〉〈k′|, ρB =
∑
l,l′
(
C†C
)
l,l′ |l〉〈l′|,
where C is the operator defined as C =
∑
k,k′ ck,k′ |k〉〈k′|
and we use the notation (·)k,k′ = 〈k| · |k′〉. The right
hand side of (5) is the von Neumann entropy of the
unique thermal state ρβ of nA modes, determined by
ρβ = Z
−1
β
∑
k e
−β|k|1 |k〉〈k|, with |k|1 =
∑nA
i=1 ki, where β
is chosen such that Tr NˆAρβ =
nA
eβ−1 =
N
2 . The bound
is therefore saturated iff ρA = ρB = ρβ , and hence
iff C†C = CC† = D, with D being a diagonal opera-
tor with entries dk = Z
−1
β e
−β|k|1 . Let U = CD−1/2,
8then U is unitary and, with C = UD1/2, one finds
D = CC† = UDU† ⇔ DU = UD. We conclude that
|ψ〉 in (A1) saturates the bound iff C = UD1/2, with U
being a unitary operator commuting with D. One ob-
vious choice is to take U = I, in which case |ψ〉 is an
n/2-fold tensor product of two-mode squeezed states
|ψTMS〉 = cosh(r)−1
+∞∑
k=0
(tanh r)k|k, k〉, β = ln coth2(r)
for which MTN(ψTMS) = cosh(2r) and EF (ψTMS) =
g(sinh2(r)). Thus, |ψ〉 is a Gaussian state with
MTN(ψ) = cosh(2r) and EF (ψ) = n2 g(sinh2(r)), satu-
rating the bound (5).
Note that this is not the unique state saturating the
bound since such a state is determined by C = UD1/2 =
D1/2U , with U unitary. Therefore, all saturating states
can be obtained from the above choice by applying local
unitaries UA and UB that preserve the photon numbers
NˆA and NˆB , setting C = UAD
1/2UB . For example, when
n = 2, they are all states of the form
|ψ〉 = cosh(r)−1
+∞∑
k=0
(tanh r)k exp(iφk)|k, k〉
with arbitrary phases φk. If φk = kφ, these states are
the general two-mode squeezed states obtained when we
inject two orthogonal squeezed states in a balanced beam
splitter, the angle of the squeezing of the first input state
being φ (the second input state is squeezed along φ+pi/2).
For general n, one has
|ψ〉 = Z−1/2β
∑
k
exp(−β|k|1/2)|ϕA,k, ϕB,k〉
where |ϕA,k〉 = UA|k〉, |ϕB,k〉 = UB |k〉 and Z−1/2β is a
normalization constant; note that NˆA|ϕA,k〉 = |k|1|ϕA,k〉,
and NˆB |ϕB,k〉 = |k|1|ϕB,k〉. In general, such states are
not Gaussian.
Appendix B: Proof of (8)
We prove here the asymptotic expression for N∗A(N),
namely Eq. (8). We rewrite Eq. (3) as
µg(ν∗) = g(µ(ν − ν∗)), (B1)
where ν∗ = N∗A/nA, µ = nA/nB , and ν = N/nA. Since
we are mostly interested in states with a large optical
nonclassicality, we consider the case where ν  1. Writ-
ing ν∗/ν = 1 − δ and using that for large x, g(x) '
ln(ex) + 12x , Eq. (B1) becomes
µ ln(eν(1− δ)) + µ
2ν(1− δ) = ln(eµνδ) +
1
2µνδ
.
Suppose now that δ  1, µνδ  1, and ν(1 − δ)  1.
Then, we find
N∗A = (1− δ)N, (B2)
with δ =
1
µ
[
1− e
1−µ
2νµ
]
1
(eν)1−µ + 1
.
μ=0.3
μ=0.75
5 10 15 20 25 30
ν5
10
15
20
25
30
ν*
FIG. 2. Numerically computed solution ν∗ of (B1) (dots) and
asymptotic expression (8) (plain line) and (B2) (dashed line)
of ν∗ = N∗A/nA, for different values of µ, as indicated.
Keeping only the dominant term, one finds (8). In Fig. 2
the numerically computed solution to (B1) is compared
to the asymptotic expressions (B2). The agreement is
seen to be excellent, even for relatively small values of ν.
The asymptotic expression (8) is also shown for compar-
ison.
Appendix C: Non-Gaussian states violating
bound (10)
We now show that there exist non Gaussian states
that violate the Gaussian bound (10). For that purpose,
we consider the case nA = 1, nB = 2. The Gaussian
states that saturate the bound are then explicitly given
by (0 < q < 1)
|ψq〉 = (1− q)1/2
∑
n
qn/2|n;n, 0〉.
Here we wrote |n;m1,m2〉 for the Fock state with
n photons in the single A mode and m1, respectively
m2 photons in the two modes of B. For this state,
we have explicitly 〈ψq|Nˆ |ψq〉 = 2q1−q and MTN(ψq) =
2
3 〈ψq|Nˆ |ψq〉+ 1. We will now exhibit a non Gaussian lo-
cal transformation UB that, when applied to |ψq〉, yields
a state |ψ′〉 = UB |ψq〉 that has the same entanglement of
formation as |ψq〉 (since UB is local) but that lowers its
MTN. In other words, we will show that
MTN(ψ′) <MTN(ψq). (C1)
This implies that
EF (ψ′) = EF (ψq) = g(〈ψq|Nˆ |ψq〉/2) > g(〈ψ′|Nˆ |ψ′〉/2),
and therefore shows |ψ′〉 does not satisfy the Gaussian
bound (10). Of course, it does satisfy the bound (2).
The local transformation UB is constructed as follows.
9Let k > 1 be fixed. Then
UB |m1,m2〉 = |m1,m2〉, if m1m2 6= 0,
UB |0, 0〉 = |0, 0〉,
UB |m1, 0〉 = |m1, 0〉, if m1 6= k,
UB |k, 0〉 = |0, 1〉,
UB |0, 1〉 = |k, 0〉
UB |0,m2〉 = |0,m2〉, if m2 > 1.
With |ψ′〉 = UB |ψq〉 one then easily checks that,
for i = 1, 2, 3, 〈ψ′|ai|ψ′〉 = 0 = 〈ψ′|a†i |ψ′〉, so
that 〈ψ′|Xi|ψ′〉 = 0 = 〈ψ′|Pi|ψ′〉. It follows that
MTN(ψ′) = 23 〈ψ′|Nˆ |ψ′〉 + 1. It will therefore suffice
to prove 〈ψ′|Nˆ |ψ′〉 < 〈ψq|Nˆ |ψq〉. One readily finds
〈ψ′|Nˆ |ψ′〉 = 〈ψ|Nˆ |ψ〉 + (1 − q)qk(1 − k). so that (C1)
follows since k > 1.
Appendix D: Beam splitters
For many states commonly considered the entangle-
ment produced by the beam splitter is considerably lower
than the maximal value possible. For example, when
|ψin〉 = |N, 0〉, one obtains
|ψout〉 = Bˆ|N, 0〉 =
N∑
m=0
√
n! 2−N
m!(N −m)! |m,N −m〉.
Then MTN(ψin) = N + 1 and EF (ψout) is given
by the entropy of the binomial distribution P (k) =
N !
k!(N−k)!2
−N , which for large N is approximately given
by EF (ψout) ' 12 ln(2pieN). Hence, in this case,
EF (ψout)/g( 12 (MTN(ψin) − 1)) ' 12 , as can be observed
in Fig. 1. When |ψin〉 = |N,N〉, one has MTN(ψin) =
2N + 1 and [47]
|ψout〉 = Bˆ|N,N〉 =
N∑
m=0
cm|2m, 2N − 2m〉,
with cm =
1
2N
√
(2N − 2m)!(2m)!
m!(N −m)! .
For large N , choosing m = N/2 + δ, one can ap-
ply the Stirling approximation N ! → √2piN(N/e)N to
find that the coefficients |cm|2 converge to f(m/N)N with
f(x) = 1pi
1√
m
N (1−mN )
. This result coincides with the one
obtained in [60]. The Von Neumann entropy is thus given
by
−Trρ1 ln ρ1 = −
N∑
m=0
|cm|2 ln |cm|2
= − 1
N
N∑
m=0
N |cm|2 ln |cm|2
= − 1
N
N∑
m=0
f(m/N) ln f(m/N) + lnN
≈ −
∫ 1
0
f(x) ln f(x)dx+ lnN
= ln
pi
4
+ lnN.
Hence, in this case EF (ψout)/g( 12 (MTN(ψin) − 1)) ' 1
which means that, asymptotically, the maximal possi-
ble amount of entanglement can be produced in this
manner. It is therefore more efficient to input a state
with N photon on each mode than 2N photons on one
mode and the vacuum on the other, as in both cases
MTN(ψin) = 2N + 1, but the output EF is, for large N ,
twice as large in the first case.
If |ψin〉 = |2s, 0〉|0〉, one finds the out-state is a two-
mode squeezed vacuum state of parameter s on which
we add some squeezing s′ on the first mode and −s′
on the second. Since those squeezing are local, they
do not modify the value of the entanglement of forma-
tion, which is thus the one of the two-mode squeezed
vacuum state . Hence, EF (ψout) = g(sinh2(s)). Note,
nevertheless, that while a two-mode squeezed vacuum
state of parameter s has a total noise of cosh(2s), the
total noise of the in-state is given by MTN(ψin) =
cosh(4s)+1
2 . Only about one half of the possible maxi-
mal amount of entanglement is produced in this man-
ner. On the other hand, if |ψin〉 = |s∗, 0〉|s∗, pi2 〉, with
s = 14 cosh
−1(2 cosh(2s∗) − 1) ' s∗2 the total noise of
the in-state is also given by MTN(ψin) = cosh(4s)+12 but
yields, after the beam splitter, the maximum entangle-
ment possible, namely g(sinh2(s∗)) ≥ g(sinh2(s)). So in
this instance too it is more efficient, in terms of entangle-
ment creation, to insert a symmetric input in the beam
splitter .
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